- 

AD-A116  599 

WISCONSIN  UNIV-HADI50N  MATHEMATICS  RESEARCH 

CENTER  F/6  12/1 

lower  bounds  for  the  life  span  of  solutions 

OF  NONLINEAR  WAVE  E— ETC(U) 

JUN  62  F  JOHN 

N00014-76-C-0439 

UNCLASSIFIED 

MRC-TSR-2393 

NL 

AO  A118599 


MRC  Technical  Sumary  Report  #2393 

UWBR  BOUNDS  FOR  THE  LIFE  SPAN 
pF  SOUmOIS  CP  NONLZIBAR  NAVE 
J^ATIONS  IN  THREE  OZMEMSXONS 

Fritz  John 


Mathematics  Rasaarch  Cantar 
University  of  Wisconsin-Madison 
610  Walnut  Straat 
Madison.  Wisconsin  53706 


June  1982 


(Receded  April  23.  1962) 

Q- 

O 

CJ) 


DTiO 

ELECTE| 
AUG  2  6  1982 


f»f  pBbli#  r«li 
Dittrikitita  ■■liaittd 


Sponsored  by 

u.  S.  Amy  Research  Office 
p.  O.  Box  12211 
Research  Triange  Park 
ftorth  Carolina  27709 


Office  of  Naval  Research  National  Science  Foundation 
Arlington.  VA  22217  Nashington.  DC  20550 


82  08  25  1  5l 


OMXVXRSZTY  OF  WZSCONSZN-MAOZSON 
MATHEMATICS  HBSBARCH  CENTER 


LONER  BOUNDS  FOR  THE  LIFE  SPAN  OF  SOLUTIONS  W 
NONLINEAR  HAVE  EQUATIONS  IN  THREE  DIMENSIONSj 

Fritz  John 

Technical  Sumary  Report  *2393 
June  1982 

ABSTRACT 


Aeoezaion  For 

NTI S  "ISRAfti 
DTIC  lAB 

Unannounced 

Justlfloatlon- 


By. - - - - 

Distribution/ _ 

Availability  Codes 
lAvaii  and/or 
Special 


The  paper  deals  with  strict  solutions  u(x/t)  *  uCx^/X^/X^^t)  of  an 
equation 
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3 

I 

l/k"l 


0 


where  Du  Is  the  set  of  4  first  derivatives  of  u.  For  given  Initial  values 
u(x,0)  -  eF(x),  u^{x,0)  -  €G(x)  the  life  span  T(e)  Is  defined  as  the 
supreaum  of  all  t  to  which  the  local  solution  can  be  extended  for  all  x. 
Blow-up  In  finite  tlsw  corresponds  to  T(e)  <  <*•  Examples  show  that  this  can 
occur  for  arbitrarily  small  e*  On  the  other  hand  T(e)  must  at  least  be 
very  large  for  small  e.  Assuming  that  a^j^,F,6  6  C  ,  that 
and  that  F,G  have  compact  support/  it  Is  shown  that  11m  e^T(e)  >  <•  for 
every  N*  This  result  had  been  established  previously  onSy  for  N  <  4* 
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LONBR  BOOMDS  FOR  «RI  UFI  SPAM  OP  80IOTX0H8  OP 
NOMUMRAR  NAVI  MODATZONS  IN  TMRSS  DIHBNSZONS* 


Prlti  John 

This  pnpor  doala  with  axiatanea  oC  aolutlons  nCx^fX^fX^)  >  tt(Xft)  of  a  nonlinaar 
wava  aquation  of  tha  forn 


(la) 


for  larga  tiawa  t.  Kara  u*  atanda  for  tha  qradiant  vactor 


U*  -  (ttj^  ,U^  ,\X^  ,U^)  -  (D^tt.D^U.DjUrD^u)  -  DU 


(1b) 


Ma  aaauaM  t)iat  tha  •^)((U)  ara  in  C  In  a  cloaad  ball  |U|  <6  In  R  ,  and  that 


•ik‘«>  -  .  (1C) 

ao  that  ( la)  qoaa  ovar  Into  tha  elaaalcal  Itnaar  wave  aquation 

□u  »  u^^  -  Au  "  0  (Id) 

for  "infinitaaiaal*  u<  Tha  aolution  u  of  ( la)  ia  to  ba  found  froa  initial  eonditiona 
for  t  ••  0«  Bare  wa  uaa  initial  data  of  tha  fom 

u(x,0)  ■  ef(x)r  u^{x,o)  ■  e9(x)  for  x  S  R^  (la) 

«»  3 

where  t,g  ara  fixed  functiona  in  c  in  a  paraaatar  that  aarvaa  to  aaaaura 

tita  aawlituda  of  tha  initial  valuaa* 

For  a  given  choice  of  functiona  f(x),g(x),a^l^(D)  wa  define  tha  life  aoan  T  -  T(c) 
aa  tha  aupraaua  of  all  a  auch  tliat  a  C  -aolution  of  (la, a)  with  |u'|  <6  axiata  for 
X  8  and  0  <  t  <  n>  One  known  that  T(a)  >  0  for  aufficiantly  aaall  |C|i  ("local* 
aolutiona  of  tlia  initial  value  problaai  axiat),  Bxiatanoa  of  "global"  aolutiona  would 
oorraapond  to  T(c)  ■  •.  one  )cnowa  alao  (aaa  (41)  t>iat  T(a)  <  *  at  leant  in  ncaa  oaaaai 


"Thia  ia  a  oontinuation  of  tha  author'a  paper  OBLATID  SZHOOLARZIY  PORMATZOM  OP  BO&DTZOMS  OP 
NOHUNBAR  NRVB  BQOATZOM  ZM  BZOMBR  DZIBMBZOIIS,  Ceaai.  Pure  Appl.  Nath.  29,  (1976),  649-662, 
referred  to  aa  (*)  ia  the  aequal. 


Thia  artiola  repreaeata  work  perforaad  at  tlte  Courant  Znatltute  of  Nathaamtioal  Boieacaa 
and  aupported  by  the  National  Scienoe  Foundation  Orant  No.  Nes-79-00612  and  Um  Office  of 
Naval  Raaearoh  Grant  Mo.  M00014-76-C-0439.  An  outline  la  bo  appear  in  the  Proceedinge  of 
the  National  Aeadaaqr  of  Seienoea,  June  1962.  Thia  report  waa  prepared  at  the  NathOBMtloa 
Reaeareh  Center,  nponaored  by  the  United  Staten  Amy  under  Oontraet  No.  0AAO29-60-C-0041. 


(th«  local  aolatlon  "blows  up"  In  f ini to  tiao)<  Thao  for  the  aquation" 


«ia  hova  T(c)  <  ■* 


“tt  "  I 


Au 


2a^ 


for  oil  auffieiantly  aatoll  poaitiva  c,  whan 
/j  9(x)ax  >  0 


(20) 


(2b) 


Raoliatic  bounds  for  T(c)  ora  difficult  to  obtoin.  In  tha  axoi^la  (2o,b)  ona  con  show 
that 

T(C)  <  Ji  ai9(BC~^)  (2e) 

with  oortoin  constants  A(B«  In  tha  praaant  popar  wa  allow  tliot  T(c)  inoroosos  with 
disinishing  c  fostar  than  ai^  raciprocal.  powar  of  ci 


For  any  raal  poaitiwa  M 

lljt  |e|"T(e)  -  •  (3) 

e"0 

hasarlts 

(a)  stataNant  (3)  oould  ba  wrong  for  olaaa  wars  solutions  of  (la«a).  Indaad  it  doas 
not  hold  for  such  solutions  for  H  >  1,  if  aquation  (la)  is  ganuinaly  ttonlinaar«  But 
plana  wavs  solutions  ara  axcludad  by  our  assusption  tliat  f  and  g  hawa  conpact  support* 

(b)  Halation  (3)  had  baan  provad  in  (*)  for  M  rastrictad  to  tha  intaxwal 

0  <  M  <  4*  Tha  proof  givan  hara  for  ganaral  M  closaly  follows  tha  idass  dswalopad  la 
(*).  Tha  axtansion  to  M  >  4  raquiras  scow  not  so  obvious  additional  astlnatas,  eontainad 
in  tha  NAIM  UNNA  balow. 

(c)  Tha  argisisnts  laoding  to  (3)  would  also  pamit  to  dariva  nora  spaeifie  lowar 
bounds  for  T(c)  for  fixsd  •  for  spaeifie  f,9*a^jj.  Thasa  bounds  would  dapand  on 
sssvHptions  on  tha  arowth  of  tha  dorivativas  of  thosa  functions  with  ordar.  Tha  nsthods 
uaad  hara  do  not  yiald  (3)  for  ganaral  R,  whan  only  a  finita  nuabar  of  darivativas  of 
ooaffieiants  and  data  ara  availabla. 


This  contrasts  with  tha  situation  in  nora  than  5  apaca  dinansions*  whara  T(e)  •>  ••  for  all 
auffieiantly  snail  e,  as  shown  by  Klainatnan  (1].  Saa  also  [2)«  [3]. 


Th«  pcoef  of  tho  THIOIIIN  la  brekan  up  into  a  aaquanoa  of  loaaaa.  Roufjhly  ona  arguaa 
aa  foXIoira<  F.’rat  a  ooablnatlon  of  a  priori  Lj-aatiMtaa  Caaargy"  aatiaataa)  and  lobolav 
inaquaiitioa  laada  to  a  local  axiatanea  proof.  To  9at  axiatanoa  for  raally  laraa  tixaa 
t  ona  baa  to  aatabllah  polntoiaa  daoay  of  u*  aith  tiaa.  Daoay  oanaet  ba  infarrod  oaaily 
froa  tg-aatiaataa.  Xt  ia  aatabliahad  hara  by  approxlaatlng  u*  in  tha  ^  vaotora 

u*  that  oan  ba  aho«m  to  daoay.  Wc  aalaot  hara  for  u  tha  partial  auaa  of  tha  foraal 


powar  aarlaa  of  u  in  taiaa  of  Ci 

u  «  eu^  e*Uj  ♦  a*Uj  +  ...  (4) 

Tha  U|^(Xft)  oan  ba  found  axplloitly  by  ^tuadraturaa  froa  llnaar  raouraion  foraulaa.  Tha 

THIonN  followa  if  ona  oan  prova  that  tha  darlrativaa  of  tha  daoay  at  laaat  lika 
-1  akof 

t  (lop  t)  for  larpa  t«  (Tha  aolutiona  of  tha  linear  wava  aquatioe  (Id)  daoay 
Ilka  t~^  for  initial  data  of  ooapact  aupport).  Zn  (*)  thia  ia  ahown  for  k  ■  1«2(3.  Tho 
oruda  taohnlqua  uaad  thara.  only  aatiaating  abaoluta  yaluaa.  doaa  not  work  for  k  >  3.  Ona 
haa  to  roly  inataad  on  oanoallation  of  tha  aorat  oontrlbutiona  (axploitad  hara  by 
latapration  by  parta).  Thia  ooaMa  about  baoauaa  tha  U|^  aatiafy  oartain  radiation 
oonditiona.  attkinp  thaa  bahava  aayaptotioally  lika  outgoing  apharioal  wavaa.  Ona  alao  haa 
to  awka  uaa  of  tha  foot  that  tha  darirativaa  of  tha  uj^  daoay  aora  atrongly.  like 
t'^dog  0)^*^“^.  axoapt  for  axall  |x|/t  or  aaall  1  -  |x|/t.  Thia  ia  tha  aaaantial 
oontant  of  tha  JuinUMM^. 


For  a  va«tor  0  €  aa  dafina  (Ol  aa  ita  auelidaan  length.*  For  0  ■  0(x,t)  aith 
X  8  k^  and  a  non-nagatlva  integer  a  aa  aat 


|0(x,t)|  -  fl |D"b(x,t)|’ 


and  Introduoa  for  fixed  t  tha  tao  noraa 


(o(t)l  -  aup,  |0(x.t)| 

W  — J  B 


*Thia  diffara  allgbtly  front  tha  definition  of  |D|  in  (•),  (37). 


■3- 


(5c) 


IO(t)In  -  //,  (|0{«,t)|^)^ 


Xa  what  follotrc  m  cliaU  om  alwMt  cmlacivcly  a  ■  3  la  (Sb)  aad  a  ■  5  ia  (So).  By 
SobolcT'a  iaaflttali,ty  tlMTC  caiats  ualvaraaX  C  such  that 

{0(t)),  <  CIO(t)l,  (54) 

m  aaawa  that  tba  aj^d))  arc  of  olaaa  c*  ia  tha  eloaa4  ball 


aad  aatiafy 


lol  <  5 


”  ®lk 


mtbottt  raatriotlon  gaaarallty  no  caa  aaacM  bate  that  5  la  ao  ■»!!  that 

0  <  <  <  1 


for  all  0  aatlafylaB  («a)  aad  all  V  •  (Vi.V^.V,  .y^)  «  a®.  Mth  a  givae  raetorflald 
a  ■  a(x.t)  ¥0  aaaoeiata  tha  linaar  diffaroatlal  Ca^orator 

'  Li 

*#JI*  1 

Tha  raaalt  of  ayplyiag  B(0)  to  a  aoalar  faaotloa  B(a,t)  will  ha  wrlttaa  B(n)[a].  la 


thla  aotatloa  (la) 


r(a')(ul  ■  B. 


k  X.  (a  priori  aatlaata). 

m 

bat  for  a  oartala  T  >  0  tha  faaetloe  a(a.t)  ba  a  C  -aolotloa  of 


for  whloh 


r(a' ) (a]  -  0  for  a  •  aP,  0  <  t  <  T 


laMx.t)!  <  < 


l(t)  -  Naa  ({a'(t)},)’ 
1«h«5  * 


Th«r«  axista  a  oenstant  C  (dapandlny  only  on  tha  aupraaa  of  tha  thalr 

darlvatlvaa  of  ordara  <  S  for  |u|  <  A),  audt  that* 


ltt*(t)l,  <  2laM0)l,ai9(C  /  X(a><ls)  (dd) 

*  *  0 

Proof.  Saa  (•)«  p.  6S9  for  M  -  S,  M*  >  3.  Tha  axtra  factor  2  In  (8d)  la  dna  to  tha 
diffaranoa  in  tha  dafinitlona  of  |u|«  and  tha  uaa  of  (6a).  * 


Wa  aaalgn  Initial  data 


tt(x,0)  «  tti*),  tt^(x,d)  -  >g(x) 


to  tha  aolution  u(x.t)  of  (8a).  ohara  t,g  8  C|^(>  >•  Without  raatriotion  of  panarality 


wa  can  aaauaa  that 


f(x)  ■  g(x)  ■  0  for  |x|  >  1 


Hiphar  darlwatlwaa  of  tt(x.t)  for  t  -  0  oan  ba  oeaputad  fro*  t,g  with  thm  halp  of  tha 
diffarantial  aquation  (8a).  Xn  partioolar  thara  axiata  a  oonatant  o  (dtpandlng  on  tha 


f.q.aii^)  auoh  t)iat 


iMNh  XZ.  (lAoal  axiatmoa). 
Lit  for  qivan 


ltt'(0)lj  <  ea  for  |c|  <  1 


|ci  <  mnd.  5^) 


Wa  oan  find  a  walua  -  Tg(a)  >0  and  a  aolution  u  8  C  of 

P(u')(a]  -  0  for  X  8  R®,  0  <  t  <  T- 


for  which 


a(x,0)  -  8f(x).  u^(x.O)  ■  Cq(x)  for  x  8  * 


T-  , 

/  "  (u'(a)},dn  -  5  log  2 


iuMt)l,  «  4luM0)l,  <  delH  <1  for  0  t  t  4 


*Wa  oan  uaa  tha 


C  in  (Sd)  and  (8d) 


|a'(x,t)t  <  «  <  1  for  »  9  U*,  0  <  t  <  Tj 

a(x,t)  -  0  for  |xi  >  t  ♦  1,  0  <  t  <  T. 


Proof.  Pf  (5b),  (5d),  (9c),  (10a) 


|u'(x,0)|  <  {u*(0)>j  <  Cltt‘(0)lj  <  cc|*|  <  I  <  «  .  (Hal 

Lot  T  ■  T(C)  ba  t)ia  Ufa  span,  as  dafinad  on  p.  1.  Kara  T(c)  >  0  baoausa  of  (11a). 


Than  althar 


Iln  /  X(s)ds  •  • 
t*T  0 


atvitt' (x,t)  I  «  5  for  xOR^,  0<t<T 


(Saa  (*),  pp.  660-661).  Ma  daftna  -  Tg(c)  by 


/  ®  X(a)ds  ■  ^  whan  /  X(s)ds  >  ^ 

0 


Tq  -T 


whan  /  X(s)ds  <  ^ 


Xn  althar  easa 


/  °  X(o)ds  < 
0 


This  Ispllas  by  (M)>  (9c),  (10a),  (5d)  that  for  0  <  t  <  T^ 

ltt'(t)l,  6  4lu'(0)lj  <  4e|c| 


{u'(t)}j  4  4cC|c|  <  «  <  1 


■«t  tlian  also  by  (10a) 


|«Mx,t)|  *  4cc|e|  <  <  for  x  «  P*,  0  <  t  <  T. 


This  Is  laocapatlbla  with 


/  X(s)ds  <  <  • 

0 


whldi  would  Ixply  (lie)  with  T  -  Tq.  Hanes 


(11f») 


/  ®  X(o)ds  ■  T.  <  T 

0  CO 


4 


It  follow*  from  dig)  *nd  th*  d«flnltiwt  (8e)  of  X(t)  that 

X(t)  -  {o‘(t))3  for  0  <  t  <  Tj  .  (11j) 

Thu*  (111)  ii^ll**  (lOd).  Moroovwr  (Ilf*),  dih)  yield  (10*),  dOf).  Finally  dOg)  i*  a 
oonsaquano*  of  asaiaiptlon  (9b) i  th*  mttmet  of  s*ro  initial  data  1*  th*  •*■•  a*  for  th* 
lin*ar  wav*  *qttatloni  (■**  [4],  p.  49).  ■ 

R*lation  dOd)  p*r*it«  to  d*riv*  low*r  bound*  for  Tq  and  Imho*  for  T  froM  upper 
bound*  for  {uVt)}^.  Trivially  on*  ba*  from  dig),  dOd) 

4cC^T|C|  >  4cC^Tg|c|  >  log  2  (12) 

Hot  aweh  anr*  can  b*  axtractad  fra«  an  upper  bound  for  {uMt)}^  a*  long  a*  thl*  bound 
doe*  not  ahow  deoay  in  t.  Bound*  ahowing  decay  cannot  be  obtained  froa  bound*  for 
Itt'(t)l3,  idtich  i*  not  lilcely  to  decayt  (it  doe*  not  in  th*  linear  caae).  On*  way  to 
find  better  eatiaate*  for  (u'(t))3  i*  to  conpare  u  with  an  "approxination”  u,  for 
whldi  {u')^  ahow*  the  appropriate  decay. 

UMia  III. 

bet  C,u,Tg  be  a*  in  baoaa  IX.  Let  u  be  an  "approxlaation”  of  u,  for  which 

P(u')(u]  •  w(x,t)  for  X  e  B^,  0  <  t  <  (12a) 

u(x,0)  ■  u(x,0)i  tt^(x,0>  ■  u^(x,0>  (12b) 

There  exlat*  a  oonatant  C*  depending  on  th*  a^,^,  but  not  on  e  and  u  auch  that 

~  T* 

l(u'  -  u')(t)lj  <  4M  /  "  ■w(*)l3d*  for  0  <  t  <  Tp  (12e) 

where 


T 

N  -  **p(c*  /  °  {n'(*)>-d*) 
0  ® 


(12d) 


It  follow*  froa  (5d)  that 


{u*(t)}-  <  {u'(t)>,  ♦  due  /  ®  lw(*)l.d* 

’  ’o’ 


(12*) 


froott  See  (*),  pp.  462,  where  (12*)  i*  written  *a  a  ayanetrio  hyperbolic  ayatea  for  th* 
vector  o'.  The  factor  4  la  (12o)  aria**  again  froa  th*  difference  la  th*  deflnitiona  of 


|a|.  Th«  nom  IwtsMj  for  th«  scalar  «f  la  daflasd  axaotly  as  that  for  vootors  D  la 
<5a,c).  ■ 

Wa  shall  apply  Xmbm  zxi  to  ths  oass  whars  u  la  ons  of  ths  partial  anas  of  tha 
foraal  power  sarlaa  aiqpaiiaiaa  for  «  with  ra^paet  to  Ct 

u  ■  Ctt^  ♦  a^Uj  ♦  a^ttj  ...  (13a) 

To  pat  raooraioa  foranlaa  for  tha  Uj^  wa  ai^and  tha  operator  Pit))  of  (7a)  foraally  with 
rappaot  to  nt 

P(0)  ■  P^io)  ♦  Pj(0)  ♦  ...  (13b) 

wliara  T),(0)  is  a  fora  of  dapraa  k  in  tha  eoaponants  of  0  with  ooaffieisats,  that  are 
qnadratio  in  Substitutinp  (13a,b)  into  tha  aquation  P(u')[u]  >  0  and 

coaparinq  taraa  with  tha  saiM  power  of  c  wa  arrive  at  a  saquanoa  of  aquations 

-  Q„  (13c) 

for  M  "  1(2«3f...  .  Hare  Qn  is  a  polynoaial  in  tha  first  and  second  derivatives  of 
tha  U|j.  Bach  term  of  this  polynoaial  is  (axcapt  for  a  constant  factor)  of  tha  fora 

*1 

a  (D  «L  )  (13d) 

1»1  1 

with  aulti^indioaa  and  intaqars  k^,  where  |a^|  ■  1,2  and 

r 

I  k  -  »i  k.  >  1i  r  >  2  (13a) 

i-1  * 

Zn  particular 

Q,  -  0 

Qj-  -P,(u*)(u,J  (13f) 

Qj  -  -P^(u^)(UjJ  -  P^(o^)(Uy]  -  P2(u',)(u^]  (13q) 

-  -P,(u;)(U3l  -  P^(n^)(u3l  -  P,(uJ)(u,) 

-P3(u',)(u3)  -  *2*u^,uy[u,]  -  P3(u^)[n,]  (13q) 

(with  p2(t),V)  denoting  tlta  polar  froa  of  P2(0)).  Tlia  aquations  (13o)  ooabinsd  with  ths 


initial  conditions 


iiiiai 


■  f(x),  -  9(x)  for  t  ■  0  (13h) 

•  0 1  "  0  t  ~  0  whon  k  >  1  (131) 

rocursivoly  dotormin*  tho  U||.  Sotting 

-  tu^  •*•  «^Uj  +  ...  +  «"ujj  <13J) 

wo  aholl  hovo  to  ootlnoto  IPCu'Xu^lIj  ond  ond  thon  apply  Lmh  IXZ. 

Tho  roqulrod  ostlnatoo  for  tho  involvo  tho  aayaptotle  bohavior  of  tho  Uj^  for 
largo  t.  To  doacrlbo  thla  bohawior  adogoatoly  wo  Introduco  tho  radiation  oporatora 


•i  ■  “i  -  i.  *l^'*'■\  ‘  -  ’'*'3 


k-1 


*•4  “  ®4  ♦  i,  ^1*'” 

1^1 


(14a) 


(14b) 


Finally  wo  donoto  tv  □~^w(x,t)  tho  solution  v  of  tho  oquation 

□  V  «  w(x,t) 

with  waniahing  initial  datai 

▼(x,0)  -  w^(x,0)  ■  0 

No  first  noto  tho  aayaptotle  bohavior  of  solutions  of  tho  linoar  wavo  aquation. 
IV. 

Lot  v(x.t)  bo  tho  solution  of 

□v(x,t)  •  0  for  X  e  t  >  0 


whom  f  6  g  S  and 


Than 


v(x,0)  -  f(x),  v^(x,0)  •  g(x) 


f(x)  ■>  g(x)  •  0  for  |x|  >  1 


v(x,t)  “  0  for  It  -  |x| I  >  1 

1^  “  M  ■■  "I - - - 2^ 

t  ♦  a  1  t  ♦  2  1  (t  ♦  2)* 


(140) 

(14d) 


(15a) 

(15b) 

(15c) 

(15d) 

(150) 


Horn  *0*  stands  for  a  constant  doponding  on  {f)^  and  {g}^. 
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Proof.  Classically 


whsrs 


V  -  v^(x,t)  ♦  D^Vj(x,t) 


<16s) 


1 

4«t 


//  g(y)dS  I 
ly-xl-t  ' 


1 

4«t 


;/  f(y)dS^ 
|y-x|-t  ^ 


(16b) 


(15d)  is  obvious  froM  (ISc)  sines  for  |t  -  |x||  >  1  the  ball  |y|  <  1  and  tbs  sphara 
ty  >  x|  •  t  do  not  intarsact.  Sines  tha  araa  of  intersection  of  the  ball  and  the  sphere 
is  at  Boat  equal  to  nln(4v,4«t^)  it  follows  isBediately  that 

v^(x,t)  <  (Bin(p  t))sup|g|  -  o(-|  (16c) 

The  saae  arquBent  shows  that  "  0(1/(t  >2)),  where 


“i^l  ■  4it  ,  i  -  ’'2*3 

|y-x|-t 


(16d) 


Bora 


D  V  -  -J-  ;/  (^  +  5)ds 


to  - 


(16e) 


(16f) 


is  tha  normal  dorivativa  of  g  on  tha  sphara  |y  -  x|  -  t  with  diroction  cosinas 


')«  -  t 


(16g) 


of  tha  axtarior  normal. 


Tha 


rata  of  decay  is  than  found  for 


W2  ■  ».  ,  J..  -i'  «,  -  *  ■ 


eomplating  tha  proof  of 


One  easily  verifies,  by  transforming  tha  surface  integral  (16b)  for  v^  into  a  volume 
integral,  that  for  1  1,2,3 


Xt  folloM  that 


Vi  “  ir  ..JL  *  "'i  2^“y 


4«t  |y-x|-t 


-f-^xxlxf^  //  (2C.9*y,,g)tf«„-0((t  +  2)‘^ 

—  *-  2  1  K  |y-x|-t  *  X  ®  y 


k-1  4«t 


for  1  ■  1«2,3,  xlneo 


//  d8„  <  4*1  |€.|  <  1i  |y,|  <  1 

ly-x|-t  y  ‘  ‘ 

lyl<i 


Neroovor  by  (16«,1),  (1S4) 


t.v,  -  //  (1  ♦  2  I  JcC  IxT^g  dS 

*  '  4»t*  |y-xl-t  k  *  *  y 

//  ((t  -  Ixl)  +  I  y-x.  1x1’’)  ^  d8  -  0((t  ♦  2)‘*) 

4»t*  |y-x|-t  k  *  *  an  y 


Thoa  also 


-  0((t  ♦  2)  ‘)  for  1  -  %2,3,4|  k  -  1,2,3  , 
ainca  la  obtalnad  froa  by  raplacing  g  by  D|^f.  Frooi  tha  Idantltlaa 

I  -2  -1 

*'iV2  “  Vl’'2  ’  ^  (XjXj^lxl  ^1*V2 

for  1  «  1,2,3,  and 


W2  ■  i,  *  «kl*l"’^4»«»l 

1^1 


k^2 


It  than  followa  that 


L^D^Vj  -  (0((t  ♦  2)"*)  for  1  -  1,2, 3, 4 


Thla  cooplataa  tha  proof  of  (ISa). 


(1C1) 
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mm  V.  (TiM  mzN  mm) 


l«t  w(x,t)  €  for  X  e  t? ,  t  >  0,  and  lot 

w(x,t)  -  0  for  |x|  >  t  '«■  1  (17o) 

Iwl.lD.wl  <  M - - r  (17b) 

(|x|  +  2)'(t  -  |x|  ♦  2) 

|L  x|  <  M - .tog  -  (17c) 

(|x|  ♦  2)*(t  -  |x|  +  2)(t  ♦  2) 


for  1 


3 <2(3(4  with  o  cortain  k.  Than 


tt 


^-1 


aatlaflaa 


tt(X(t)  -  0  for  |x|  >  t  +  1 


(17d) 


(17a) 


iD^ol  <  AN 


loq'^^(t  ♦  2) 

(ixl  ♦  2)(t  -  |x|  ♦  2) 


(17f) 


Ih^ul  <  AN 


♦at. 

(Ixl  ♦  2)(t  ♦  2) 


(17t) 


for  i  ■  1(2(3(4(  whara  A  ia  a  unlvaraal  oonatant. 

Troof.  Wo  poatpona  tha  longthy  proof  of  tha  miN  UMm  which  only  daala  with  a  proparty  of 
tha  oparator  □(  to  tlia  AppaadiX(  in  ordar  not  to  intarropt  tha  arpiiaanta  loading  to  tha 
proof  of  tha  THBOIOM.  ■ 

mm  VX. 

bat  tha  u„  ba  dafinad  racuraiToly  for  H  ••  1(2(3 (...  by  tha  diffarantial  agoationa 
(13o)  with  initial  oonditiona  (13h(i)  aatiafying  (9b).  Than 

a||(X(t)  -  0  for  |x|  >  t  ■t'  1  (18a) 

2ll*2 

h°\  "  °^(T3  riiitV})^ 
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Her*  *0"  atuida  Cor  •  oonatut  dapottdiog  on  Rolntionn  (1tn,b)  laply  that 


o(iarr-|Y  a>) 


(1M) 


“  "‘I®*’"”***  ♦  2))  (1M) 

for  nil  k  >  0< 

Proof.  Wo  ttso  iadnotlon  ovor  M.  Siaoo  Od^u^  ••  0  and  tho  inltlol  dot*  of  0*a^  kavo 
tkolr  oopgort  in  tho  boll  |x|  <  1,  «o  find  fro*  Lomo  XV  that  (18o,b,o)  bolds  for 
M  '■  1.  Xiot  (Ito.btO)  bold,  Mhon  M  is  roploeod  by  a  oaallar  nuabor.  Than 
l®l  ^  0  is  a  linaar  oaablnation  of  tans  of  tbs  fon 


abara 


'  “l 
■  <D  V  ) 

1-1  1 


I  k  -  Wi  k.  >  1|  r  >  2»  |o  I  >  1 
i-1  ‘  ‘ 


(19a) 


(19b) 


(saa  (13d)).  Slnoa  liara  k^  <  M  -  1  by  (19b),  tba  tan  (19a)  oan  ba  astlaatad  by 
Indnotlon  aaouaptlon  by 

(|x|  ♦  2)’*(t  -  |x|  ♦  2)"'^log'*(t  ♦  2) 


with 


H  -  (2k^  -  2’;  ♦  (2kj  -  2)  ♦  ...  ♦  (2k^  -  2)  -  2W  -  2r 
Slnea  r  >  2  it  follows  that 

□0*0^  -  0((|x|  ♦  2)"*(t  -  |x|  ♦  2)"*log***"*(t  ♦  2)) 
Slnilarly  for  1  -  1,2, 3, 4 


is  a  linaar  eenbination  of  tans 

*1  *3  • 

(L  D  V  )(D  )  ...  (D  V  ) 

1  2  *r 

satisfying  (19b).  using  tha  indootion  assns^tion  wa  can  aatiaata  snob  a  tan  by 
(|x|  ♦  2)"'(t  ♦  2)"Vt  -  |x|  ♦  2)’"'^log*'(t  ♦  2) 


13- 


and  find  that 


( 

I 


i 


I 

! 


*  2)"’<t  -  |x|  +  2)"’(t  +  2)"’xo9*'*'^(t  +  2)) 

How 

a  a 

D  □  D 

a 

whara  la  a  aolutlon  of  ^  with  tha  aaaa  Initial  valuas  aa  D  U||.  Blnca  all 

darlvativaa  of  Ou  (Including  t-darlvatlvaai)  vanlah  for  |x|  >  1,  It  followa  tram  UNMhS 
IV  and  V  that  Un  aatlaflas  (18a,b<c).  ■ 

Wa  daflna  u^  fay  (13j).  By  (18d)  thara  axlata  a  conatant  dapandlng  on 

f<g>a^)^  auch  that 


and  thua 


{ui<t)}5  <  rj.i 


loo^”~^(t  ♦  2) 
t  ♦  2 


for  |c|  <  1 


(20a) 


0 


(^(a)}jda  <  r^|e|log”"’(Tg  ♦  2) 


(20b) 


Ha  danota  fay  Bj,  tha  aat  of  c  for  wlilch 

C*r^|e|log‘“^'(Tj(C)  ♦  2)  <  log  2  for  n  -  1,2.. ..,M  (30e) 

l«l  <  1»  |e|  <  ^  (20d) 

with  C*  as  In  LBNm  III  and  c  as  in  (9e).  Ha  hava 

axp(c*  /  ”  {u^(  a))j]ds  <  2  for  n  •  1.2. ...,H  (20a) 

whan  c  H  By  daflnition 

I^C  for  k  <  H  (20f) 

IMA  VII. 

Lat  c.u.Tg  ba  as  in  LBMMh  II.  For  glvan  H  thara  axists  a  constant  T  (dapandlng 
on  f.g.a^lj.H)  and  an  intagar  v  such  that 

Ku*  -  u^)(t)lj  <  Y|«|*‘'*’’log''(t  2)  (21) 

for  0  <  t  <  T.(C)  and  c  e  b„. 

0  N 
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I 


**•  proc— d»  by  Induction  ovor  Ma  (It  in  givnn  for  M  ■  1*2»3  in  (•)* 

pp.  675-676).  Uaing  UMM6  IXZ  «M  havo  from  (20n) 


Mhoro 


l(u*  -  <  6  / 


IWy(o)l,ds 


Wjj  -  »(U*)tU||] 


M  4 

■  I  P{u')[«^u^I 
j-1  3 


(22n) 


(22b) 


with 


-  W*  +  w**  ♦  w***  (230) 


w*  -  I  ((P(u*)-a-  I  P^(u'))t«V]  (22d) 

"  j-1  k-l  ^ 

H  K*  j 

<*  -  I  (D*  I 

"  j-1  b-l  *  "  ^  ^ 


(Thin  in  thn  nnnloguo  of  thn  docompoaition  for  S  -  3  in  (*),  p.  676,  fonnila  (US)). 


Sotting 


p(u')  -  D  -  I  P.  («•)  -  R(u')  - 
k-1  * 

I  b  (u')DD 
i,k-1  “  *  * 

(22g) 

w  mmm 

that 

0®(R(u' ) (a^u^J ) 

(22h) 

ia  a  iinoar  conbination  of  torma  of  tha  fom 

B  *1  *2 

(6'^bik(tt'))(D  u)(D  u)  ... 

j  Y 

(D  u)a^D  Uj 

(22i) 

whora 

6  atanda  for  difforantiation  with  raapact  to 

u*  and  tha  ■ulti-indioaa 

5,0  , 

.  ...B  .V  ut^lafv 

'  r"  -  - 

|5|  -  r  >  Oi  15^1  ♦  |5j|  ♦  ...  ♦  15^1  ♦  |T|  -  loj  ♦  r  ♦  2 

(22j) 

15^1  >  2,  |5jl  >  2,..., 15^1 

>  2,  lYl  >  2 

(22k) 
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■WM  b^ij(u')  !•  tlM  traneatMd  T»ylor  Myanalon  of  otartlng  with  tonu  of 

ordor  II  ~  j  ^  1«  It  follows  thon  froa  tho  boundodnoao  of  tho  dorlwotlwoo  of  tho  *^C0) 
tec  lol  <  t  that 

-  [  for  r  <  M  -  j  4^  1 

*  “i 

(  0(1)  for  r  >  ■  -  j  ♦  1 

by  (23j(k)  for  |a|  <  5  «t  aoat  om  of  tho  |9j^|  eon  oxoood  4.  Honco 

*1  S  •r 

(0  u)(0  u)  ...  (D  u)  -  OCdu'lj)'"  luMj)  for  r  >  1 
Xt  follows  fc«a  (11«)  that  in  oil  eosos 

0®<ll(tt*)t«^tt^))  -  0(|e|"|u*l5{ttJ>j) 

■sms  hy  (tif*),  (1M) 

■SI',  -  •  *1)  <2n, 

Wm  tom  to  tho  sstlaats  of  wj|*.  ly  dsfialtion  of  tho  Qg  in  (13e)  wo  hows  tho 
focMl  idontitios 

0*1 

■-1  ■ 

•  »(««•  ♦  «*«•  ♦  ...)(««^  ♦  e*Uj  ♦  ...) 

m  m 

■  □(eu,  ♦  sV  ♦  ...)  +11  r’^^P.  (u!  ♦  rul  ♦  r^u;  ♦ 

■■I  j-1  *  '  *  ’  3 

which  yiold  octuol  flnito  Idontitios  wh«t  wo  oolloot  tho  tocas  with  oqool  powors  of  c. 

now  tho  ooofieionts  of  with  k  <  M  will  not  bo  offootod  if  wo  roplooo 
2 

*1  ^  ***'3'^***  ^  lost  sqprossioB  by  tho  finito  s«a 

«;  ♦  *  .*«;  ♦  ...  ♦ 

ond  costriet  j  to  woloos  <  M  ond  k  to  woloos  <  N  -  j.  This  aoons  that 


wj*  -  Q(tu^  +  «*ttj  ♦ 

*  *  ‘“a  *  -  * 

oontaina  no  toraa  c*  with  ■  <  M  and  lo  oqual  to  a  linaar  ooad>inatloa  of  taraa  of  tho 
form 


with 


M+l+l 

V  )(D  %  )  ...  (D  X  ) 
1  *2  “r 


1  >  0>  r  >  2i  10,1  >  1,...,|0^l  >1)  2  <  r  <  N 


Tha 


holds  for  any  D  w**.  Xt  follows  froai  (18d.a)  that 


lw**(t)lj  -  oCe""^^ 

-  0(a*^' 

Finally 

-  V^J-k+1> 

is  a  font  of  ds«rsa  k  in  and  u*  -  whsrs  saoh  tana  oow tains  at 

laaat  ona  of  tha  lattar  factors.  Thus 

is  a  linaar  ooabination  of  taraa  of  tha  fora 

with 


sup  ({uMt)>-)"  Sul(t)lJ 
l,j<ll  ‘  ®  3  * 

(22b) 

lP9*'^i%  ♦  2)j 
t  ♦  2  • 


'®i'  *  ’’  '•k'  *  ITI  >  2»  r  ♦  s  -  k»  |s|  >  1|  ■  -  j  -  k  ♦  1  «  »  -  1 

|o,|  ♦  ...  ♦  |a|^  ♦  10^1  ♦  ...  ♦  10^1  ♦  iTl  -  l«l  ♦  2  ♦  r  ♦  s 
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por  |a|  <  5  it  follow  that  at  wat  om  of  tha  |0j^|  ean  aicoaad  3  and  that  non#  of 
thM  axcaads  6>  Using  (20a) .  (18d)  and  tha  induction  assiMption  w  find 


-  OCc'^lcKu'  - 

-  0(t**i*‘*'"^"'‘*^*“(t  ♦  2)“^log‘'(t  ♦  2)) 
with  a  eartain  U.  Kara,  ainea  a  >  1  and  r  ♦  a  •  k, 

r+j+<ll-j-k+2)a  -  rf j+a+(«-J-k+1)a  >  r+j*a>(d-j-k+1 )  ■  IH-1 

It  follow  that 


Altogathar  than 


with  a  oartain  ti«  Hanca  by  (22a) 

lu*  -  ^><t)l5  -  0(«"*’log'**’(t  ♦  2))  . 

Thia  ooaplatw  tha  proof  of  (21)  by  induction  owar  M,  prowidad  w  still  warify  Uta 
caaa  R  ••  1.  In  tiMt  casa  w***  and  w**  >DSu^  wanish.  by  (221) 

Iw-lj  -  0(a*(t  ♦  2)"’)  , 

and  (22a)  furnlahw  t)ia  dasirad  ralation 

lu’  -  uJ)(t)lj  -  0(c^log(t  +2))  • 


VIIX 


li*  !l«|''T.(e)  -  • 
e*o 


(23) 


(Thia  iinpliw  tha  THIORIN,  sinca  T(c)  >  Tq(c)). 
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>rQof»  AsauM  that  (23)  doaa  not  hold.  Thara  axlats  than  a  oonstaat  X  and  a  aaquanea 
tandlng  to  saro  for  whloh 

l«jl\(«j)  <  K  • 

than  *  “  “j  ■dtlafy  (20o,d)  for  all  aufflolantly  largo  j,  and  thus  «  |||.  ^y 

(21),  (Sd),  (20a) 

{tt*(t)}3  <  ♦  irc(ai“*‘’iog''(t  *■  2) 

,  r,|.|  ,  TCi.r’i.,',.  .  2, 

for  *  ~  ‘j  i  suffleiantly  largo.  It  follows  from  (lOd)  that 

/*“  luM.)>,ds 

<  r^l«j|log**'“’(Tj(«j)  *  2)  *  TC|ejl*^\(«j)log''(Tj(«j)  ♦  2) 

<  rj,le^|W"^T5(«j)  +  2)  +  YCX|ej|log''(Tp(«j)  ♦  2)  (24) 

Binoo  horo 

log(T,(tj)  ♦  2)  <  loglKltjl""  ♦  2)i  list  -  0 


(24)  loads  to  a  contradiction  for  j  Thus  (23)  holds 


A»»nDZX 


TU  wan  imn 

L«t  w(x>t)  C  for 

|w|,|D^w| 
|Ll*l  <  — 

‘  (I 

with  a  oortain  k  >  0  and 


X  6  k  ,  t  >  Of  and  lat 

w(x,t)  >  0  for  |x|  >  t  1 


W  loo  (t  2) 


(|x|  ♦  2)*(t  -  |x|  +  2)^ 


for 


M  loo  (t  ♦  2) 


x|  ♦  2)^(t  -  |x|  +  2)<t  +  2) 


for 


dafinad  by  (Idatb)  for  1  •  1 


u  -  0"’w 


|x|  <  t  'f  1 

|x|  <  t  ♦  1 
,2,3«4.  Than 


aatlaflaa 


u(x,^.)  -  0  for  |x|  >  t  ■»’  1 

'V "  (|x^/^^-^xl"i  2) 1*1  <  t  ♦  t 
' V  "  1*1  <  t  ♦  1 


for  i  ■  1«2«3«4  with  a  nnlvaraal  oonatant  h. 


■y  OnhaMl'a  prinelpla 

t 

a(x,t)  ■  0“  *(x,t)  -  /  w(x,t,s)da 
0 

Ohara  «(X(t«a)  for  »  9  t? ,  t>a  la  tha  aolutlon  of 

□«(x,t,B)  ■  0  for  x«R^,  0<a<t 

«(x,t,s|  -  0,  «^(x,t,a)  •  w(x,a)  for  t  •  a 

for  «  oa  haro  (aaa  (16b))  tha  Intayral  rq^raaantatlon 


«(x,t,o)  -  /  «(yf»)«»„ 

(2Sa)  ia  an  iaaadiata  oonaaquanoa  of  (25a),  (26d)  alnoa  «(y,a)  •  0  for  |y|  > 


(25a) 

(25b) 

(250) 

(25d) 

(2Sa) 

(25f) 

(25g) 

(26a) 

(26b) 

(2te) 

(26d) 

a  «'  1,  and 
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( 

( 


lyj  >  1*1  “  t  ♦  •  >  •  +  1  . 
for  ly  -  *1  ■  t  -  |x|  >  t  +  1« 

Slnoo  by  (2S««b) 

«<x,t)  -  0(ll  .  o(N) 

(t  ♦  2)' 


wo  havo  th«  trivial  aatiaataa 


a  -  0(M{t  -  *))>  u  ■  ■  O(Nt^) 


(26*) 


(26f) 


W*  obaarva  that  ia  tha  aolutioa  of 


□  d^u  ■ 


with  initial  valuaa 


Thua 


B^u  -  0,  ■  ®^^w(x,0)  for  t 


D^u  -  □"^D^w  + 


«h«M  a”  ia  tha  aolutlon  of 


□  u°  -  0 

u®  “0,  u®  •  w(x>0)  for  t  ■  0 


•iaea  alao  O^w  ■  OiH),  wa  find  in  analogy  to  (26f) 


Dj«  -  0(llt  ♦  Mt) 


(269) 

(269) 

(26h) 

(26i) 

(26j) 


In  partiealar  D^u  >  0(M)<  if  wa  praacriba  a  nuaarical  uppar  bound  for  t,  say  t  <  10. 
2t  follows  that  (2Sf.9)  ara  aatiafiad  for  t  <  10  sines  hara  |x|  is  rastrictad  to  valua 
laaa  than  t  1.  Xn  what  followa  wa  can  aasuaa  that 

t  >  10  (27) 

Hodifiad  intaaral  raorsaantation  for  u. 

Xn  (26a)  introduca  spharioal  ooordinataa  6.6  on  tha  aphara  ly  -  x|  ■  t  -  a.  with 
tha  polar  axis  pointin9  in  tha  diraction  froai  x  to  0.  with  6  -  polar  distanca,  6  ■ 
latituda.  Than  (saa  ri9ttra  1) 

"  2» 

w(x,t,s)  -  *  /  sin  edO  /  Wd6  (28a) 

0  0 

■at 

r  -  |x|i  p  -  a  -  |y|»  6  -  ♦  (0xy)»  ♦  -  <  (xOy)i  q  -  cos  ♦  (2eb) 
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iMMiMHI 


Th«  ^-integration  eorroaponda  to  y  varying  over  tha  eirela  of  intaraaetion  of  tha  cona 
y*x  ~  qlyllxl  with  tha  aphara  |y|  *  a  -  p.  Danota  ganarally  by  j  tha  avaraga  of  w 
on  that  eirela I 

j(x,p,q,a)  -  /  w(y,n)d4  <28e) 

yx-q|y|  |x| 
lyl-a-p 

for  X  *  0,  Iql  <  1>  p  <  a.  Hera  4  ia  an  angular  nMaaura  on  tha  eirela  (#  •  are  length 
divided  by  radiua).  Than 

« 

w(x,t,8)  -  — 5-®  /  j(x,p,q,a)ain  6d0  (28d) 

0 


where  p  and  q  ara  tha  funetiona  of  6  defined  by 

p  -  a  -  /(t  -  a)^  ♦  r*  -  2(t  -  a)r  eoa  8 


q  •  Q(p«r,a,t) 


2  2  2 
(a  -  p)*  *  r*  -  (t  -  a)* 

2r(a  -  p) 


(28a) 

(28f) 


Introdueing  p  inataad  of 
aivraaaion 

where  wa  define 


6  aa  variable  of  integration  in  (28d)  raaulta  in  tha 


w(x,t,a) 


I  k(x,p,a,t)dp 

A 


(28g) 


)c(x,p,a,t)  ••  j(x,p,Q(p,|x|,a,t),a>  (28h) 

B-a-|a-t+r|i  A-a-|t+r-a|-2a-t-r  (28i) 

He  introduea  new  independent  variablaa  in  w(y,a)  w)iich  ara  batter  auitad  for 
daacribing  outqoine  wavaa.  For  that  purpoaa  we  aaaoeiata  with  w(y,a)  tha  funetion  v 
defined  by 

v(y»Pfa)  “  w((a  -  p)  1^,  a)  for  y^O,  p<a,  0<a  (29a) 

whieh  ia  hoanganaoua  of  dagraa  0  in  y.  Ha  liava  oonveraaly 

w(y,a)  »  v(y,a  -  |y|,a)  for  y  ♦  0,  a  >  0  (29b) 

Subatituting  thia  axpreaaion  for  w(y,a)  into  (28e)  and  replacing  y  by  (a  -  p)y  yialda 

j(x,p,q,a)  -  -ij  /  v(y,p,a)d0  (29c) 

yx-q|x| 
lyl-l 
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Vm  ob*«rv«  that  by  aaauoption  (2Sa) 


“  0  p  <  -1 

and  than  alao  by  (29c),  (28h) 

j(x,p,q,a)  -  0,  k(x,p,s,t)  -  0  for  p  <  -1 
It  follom  txem  (28g,i)  that 


B 


t  +  r-1 


u(x,t,a)  «  /  *  ~  ^  k(x,p,a,t}dp  for  a  < 

-1 


u(x,t,a)  -  0  for  a  < 


t  -  r  -  1 


Darivativaa  of  u.  Direct  aatlnatea. 
Lat  i  -  1,2, 3, 4  ba  fixed.  Sat 

By  (269) 


H(x,t>  -  Dj^w(x,t) 


...“1  .  0 

D^u  -  O  w  ♦ 


Bara  (aaa  (16c),  (26a)) 


”  ®^t  +  2^  “  ®^(r  ♦  2)(t  -  r  +  2)^ 


aiaca  u  (x,t)  *  0  only  for  t-1<r<t-*'1.  Thua  for  the  proof  of  (25f)  m 
to  ahoa  that 

a-’w  -  o(m  2J _ i 

'•  (r  +  2>(t  -  r  +  2)'' 

Wa  rapraaant  n'^ll  In  ccaiplote  analogy  to  u  ~  Introducing 

V(y,p,e)  -  W((a  -  p)  -j^,  a) 

J(*»p,<l,a)  -  /  V(y,p,e)d9 

yx-q|x| 

Iyl-1 

K(x,p,a,t)  -  J(x,p,(2(p,|x|,a,t),s) 

B 

a(x,t,8)  -  /  ^  X(x,p,a,t)dp 

A 

with  A,B,Q  aa  In  (28f,l),  so  that 


a  'M(x,t)  »  /  a(x,t,a)ds 
0 


(29d) 

(29e) 

(29f) 

(29g) 

(30a) 

only  have 

(30b) 

(30c) 

(30d) 

(30e) 

(30f) 

(30g) 
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For  V  w*  find  froa  •■■uB^tion*  (25««b)  that 


V(yfP»a)  ■  0  for  p  <  1 
h 


vcy.p.a)  -  0(— !Li2aJi±^) 

(a  -  p  2)‘(p  +  2) 


tfhlch  lapllas  that 


J(x,p,q,a),  K(x,p,a,t)  -  0  for  p  <  -1 

J(x,p,q,a),  K(x,p,a,t)  ■  o( - M  log  (a  2) — 

(a  -  p  +  2)  (p  +  2) 

Ha  can  verify  (30b)  lanadlately  for  bounded  t  -  |x|,  aay  for 

t-3<r<t+1 

For  by  (30j)  with  -1  <  p  <  a 

k. 


(30h) 

(301) 

(30  j) 

(31a) 


ijj-e  K(x,p.a,t)  -  pVdf ) 


while  by  (281)  B<a“(a-t+r)-t-r<3.  Thua,  alnce  hare  r  >  ^  (t  +  2) 

.3  ..  „  ,._k. 


f  H  loq'‘(e  ♦  2)  .  \  -fM  loq''(t  +  2)  ^ 

o(x.t.a)  -  o(_/  "  oi|r;  2r(“T)^ 

□  .  o(!!^2al!lVjLli)  .  o(  H  ^.2).  , 

^  t  +  2  '  Mr  +  2)(t  -  r  +  2)'' 


for  r  aatlafylnq  (31a).  Henceforth  In  the  proof  of  (30b)  we  can  aasuae  that 

0<r<t-3>  t>10  (31b) 

In  thla  aectlon  we  find  the  relevant  eatlaate  for  Q(x,t,B)  In  the  caae  where 


j(t+r-1)<8<t 

without  uklnq  uae  of  the  radiation  condltlona  (25c).  (32a)  Inpllea  that 

-1<A”28-t-r 


(32a) 


(32b) 


By  (30f,J) 

Q(x,t,a) 


0(/"  - 

A  r(a  -  p  +  2)(p  +  2) 


10q'^(t  ♦  2) 
r(a  ♦  4)* 


MB  -  A)(S  ♦  4) 
MA  ♦  2)(B  ♦  2) 


*  log 


(a  -  A  2)(B  ■»•  2)i^ 
(a  -  B  'f  2)(A  *  2)^^ 


(32c) 
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Her* 


-1<A<B»s-  |t-r-«|  <• 
0<B-A«2r+(t-r-e)-  |t-r-sl<2r 


Th«  relation  N  ■  botwoon  w  and  N  yialds  raUtlona  batwaan  v  and 

naaaly 


v(y.p. 


V  (ytpta)  «han  1  •  1*2,3 


V(y,p,a)  -  v^(y,p,aj  ♦  »p(y,P*a) 


whan  1  •  4 


In  order  to  unify  the  arguMnta  wa  Introduce 

y 

V*(y,p,o)  -  (y*P**)»  »*(y*P*n)  ■  ■ v(y,p,a)  whan  1  -  1,2, 

V*{y,p,a)  -  v^(y,p,a)i  v*(y,p,a)  -  v(y,p,a)  whan  1-4 


ao  that  V*  and  w*  are  hoaMpanaoua  of  dagraa  0  In  y  and 

V(y,p,o)  -  V*(y,p,a)  ♦  vj(y,p,a> 

In  analogy  to  pravloua  notation  wa  aat  again 

J*(x,p,q,a)  - -It  /  v*(y,p,B)d^ 

”  y*-q|x| 
lyl-i 

J*(x,p,q,a)  -  /  v*(y,p,a)d^ 

y*x-q|x| 
lyl-1 

K*(x,p,a,t)  -  J*(x,p,Q(p, |x|,a,t),a) 
k*(x,p,a,t)  -  j*(x,p,Q(p, |x|,a,t),a) 

Than  by  (35a),  (30d),  (30a) 

J(x,p,q,a)  -  J*(x,p,q,s)  +  j*(x,p,q,a) 

K(x,p,a,t)  -  K*(x,p,a,t)  +  l(*(x,p,a,t) 

-  Q„(p,r,a,t)J»(x,p,Q(p,r,a,t),B) 
P  q 

Consequently  (see  (29f)),  using  that  k*(x,-1,B,t)  -  0, 


V, 

(34d) 

(34a) 


(35a) 

(35b) 

(35e) 

(35d) 

(35a) 

(351) 

(35g) 

(35g) 
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B 

0(x.t,a)  -  /  (K*  +  k*  -  Q„Ji)'»P 

"  p  p  q 

B 

“  k*(x,B,«,t)  ♦  /  ^  X*(x,p,a,t)  k*(x,p,a,t))^ 

-  /  *5^  Qp(p»r.a,t)J*(x,p,Q(p,r,a,t),a)^ 


On#  varlflaa  aaally  txem  (39a)  and  tha  daflnitlon  of  V*  that 

V*(y,p,a>  <•  L^w((a  -  p)  l^**) 


for  1  •  1,2, 3, 4,  and  that 


3  y, 


Vp(y,p,a)  --^^-j^-^((a-p)  ^,a) 


It  folloifa  froo  aaaua^tlona  (25b,c)  that 

v*(y,p,a)  -  0( - M  \3^\S.*  2} - ) 

(a  -  p  2)  (a  ♦  2)(p  2) 

▼*(y*p»«)«  v*(y.p»a)  -  o( - **  — j) 

^  (a  -  p  ♦  2)'(p  ♦  2r 


finally  «a  obtain  freo 


Vy^(y.P..)  -  ^  V“'  ‘ 
and  tha  daflnitlon  of  v*  that 


x^^(y.P,a)  -  o(f^  la|  ♦  ^  ll^wi) 

.  pf  n  ♦  2)  ( _ 2 _ 4.  __!—)) 

MyKa  -  p  ♦  2)(p  ♦  2)  Ma  -  p  ♦  2)(p  +  2)  a  +  2** 


-  of- _ w  \ogN>  *  a? - ) 

Ny|(a  -  p  +  2)(a  ♦  2>(p  +  2)^ 

Ralatlona  (36o,d),  (35b,c,d,a)  Imply  that 


d*(x,p,q,a),  K*(x,p,a,t)  -  o( - ^ - ) 

(a  -  p  ♦  2)  (a  ♦  2)(p  ♦  2) 


(3Sh) 

(36a) 

(36b) 

(360 

(36d) 

(36o) 

(36f) 

(36q) 
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J*<x,p,q,«).  k*(x,p,«,t)  -  0( - y  -  ) 

(•  -  p  ♦  2)'(p  ♦  a>  ' 


(36h) 


We  first  consider  the  contribution  to  X  of  the  term 

e  -  B 


«  -  lt*(X,B,S,t) 


In  (35h).  By  (36h) 
k 


.  ■  .(-ajM.it.tii ..  )  ■  .(■  i«»  t« »  »!  ♦  rf;  > 

r(a  -  B  4^  2)(B  e  2)^  r(s  e  4)^  "  ■  ^  *  *  (B  ♦  2)* 


where 


Thus 


•1  <  B  -  s  -  Is-t-trl  <  St  Vj  <t-r-1)  <  s  <  ^><1  (t+r-1)i  t  -  r  >  3 


—1—  -  of - J - ) 

s  ♦  4  't  -  r  ♦  2' 


(37e) 


(37b) 


If  here  r  <  1  we  have  frost  (37b) 


e  ■ 


(tjr-1 
Vi  (t-r-1) 


ode  ■ 


(37e) 


Iff  on  the  other  hand«  r  >  1  we  liSTe 


1 

r(s  ♦  4)* 


B  4-  2  B  4'  2 


s  ♦  4 

(B  ♦  2)* 


(a  4  4y 


1 


(s  *  4)(t  -  r  ♦  2)  (t  -  r  4^  2)(2s  -  t  ♦  r  4'  2) 


■)) 


and  hence 


We  next  consider 


Vi  (tjr-l) 

Vi  (t-r-1) 


o( 


it  *  3)(e 


tt  4  2) 

-  r  4-  2) 


•  -  /*  ( 


K*(x,p,e,t) 


♦  ^  k*(x,p,s,t))dp 


(37d) 


(38a) 


’3B- 


Bar*  by  (369,h) 


K*  4.  1_  k*  .  of - W  <t  ♦  2> _  (_1_  ^  _ ! _ ) 

2r  2r  ^r(*  -  p  ♦  2)(p  ♦  2)  '^a  ♦  2  (a  -  p  ♦  2)(p  ♦  2)^ 


of _ M  log  (t  »  2)  . 

“'r(a  -  p  ♦  2)(p  ♦  2)(a  ♦  2)' 

of-g-lVft  ♦  f _ 1 _ *  _J_)] 

'■r(a  ♦  2)(a  ♦4)'a-p+2  p'*-  2*' 


ainea  p  <  ■  <  a«  Rano*  by  (34c) 


t  -  pfM  ♦  2)) 

^r<a  ♦  2)(a  ♦  4)^ 


)  for  t  >  1 


In  altbar  eaa* 


B  -  0(fi-i2al!!!lt_iLli] 

(a  ♦  2)*(r  ♦  2) 


T". ^ ‘a’"  v>»i. ) 

•'<«  •  211t  -  .  .  JlJ 


Thia  laavaa 


T  ■  /  *2’  *  Qp(p>r,a,t)j*(x,p,Q(p,r,a,t),a)4p 


For  j*  glvan  by  (3Sc)  on*  aaaiiy  Aarlvaa  th*  diffarantlatlon  fonaul* 

,  3 

- - r-  /  I  -  Fqyw)*;  (y.p.*)a» 

^  2*r(1  -  q")  ynpqr  )t-1  *  " 


Bar*  for  x*y  ■  qr,  |y|  ■  1 


l«k  "  <  I*  -  rqyl  -  r/l  -  q*  . 


*  •  ^  V. 


It  follows  frosi  (36f)  that 


mg  doflnltiOB  (28f)  of  Q(p.riS«t)  wo  hsvs 


/l  -  fl^P.r.s.t)  -  TtU-^ 


(39e) 


whsrs 


R  ■  / (t+r-p)(t-r-p>(t+r-2s+p(2s-t*r-p)  (3*d) 

is  Hsroa'a  axprosslon  for  four  tiasa  tha  araa  of  tha  triangla  with  wartlcas  0,x,yi  (saa 
Flqora  1 ) .  Noroovar 


Q  (p,r,a,t)  - 


whara 


Conaaqoaatly 


2r(a  -  p)* 


8  -  -(a  -  p)*  ♦  r*  -  <t  -  a)* 


y  .  o(  /* _ - 3L  to) 

'  r(s-p4-2)(s  *  2) <p  *  2t  R 


(39a) 


(39f) 


(399) 


writla9 

8  -  “2(a  -  p)^  ♦  (t  -  p)(2a-t'*-r-p)-r(t-r-p)  (40a) 

and  using  tliat 

0  <  a-B  <  a-p  <  t-r-pi  0  <  B-p  ■  2a-t+r-p  <  t-r-p  for  a  <  t-r 
0  <  a-B  <  s-p  <  2a-t+r-pi  0  <  B-p  -  t-r-p  <  2s-t*T  -  p  for  a  >  t-r 

wa  saa  that 

8  -  0((t  +  2)(t-r-p))  for  a  <  t-r  (40b) 

S  ••  0((t  ♦  2)(2a-t'*’r-p) )  for  a  >  t-r  (40c) 

Ha  flrat  taka  up  tiM  caaa 

a  >  t-r  (40d) 

Thia  caaa  only  occurs  whan 


r  > 


t  ■»  1 


(40a) 
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baeaoM  of  (34e).  H«r« 

■  ■  t+^  ■  •"'  ^  (2«-t+r-p) 

Hmo*  by  (40o) 

_ « _ 

(•-p*'2)(p  *  2)« 


o( 


t  ■*■  2 
■  'f  4 


(-J_ 

^•-p*2 


P 


J _ I  /  2«-t-»r-D 

♦  2'  /  (t4r-p)(t-r-p)(t‘*'r-2»«p 


) 


-  o( _ ^  (  <  ♦  /2B~t*x+1 

(•  ♦  4)/t+r-2«-1  / (t-r-p)  (2a<*t'«’r-pi*4)  (p  2)/t-r-p 

MHO*  by  (39«),  (40*) 


Y .  o(!«^*  ♦  (i  ♦  /isiEEi)) 

r(a  ♦  2)Vt«T-2«-1  /  t-r+2 

.  4  2)  /2a-t*r«-1  i 

/<t  ♦  2)(t-r»’2)  (■  ♦  2)Vt-*T-2*-1 

With  th*  aubatitutloii 


«a  find 


,  ♦  a  -  it*r*3)(t-r*3)(1  *  v^) 
2(t'«-rt2)  ♦  2(t-x4-3)v^ 


Vi(t+r-1) 

/  Tda 
t-r 


M  loq*^^(t  ♦ 


21 


/(t  ♦  2)(t-r4-2 


r(t-r+3)"’^*(t+r+3)‘ 


3/2 


(1 


.  of"  ♦  2) 

'■(r  *  2)(t-r*2) 


■) 


(40f) 


with 


-  /(t-»r»3)(t-r»1) 
/  (t-r+3)(3r-t-1> 


wa  oaaw  to  tha  oontribatlon  of  tha  valuaa  a  with  (aaa  (34o)] 
%  (t-r-1)  <  a  <  D  >  Nlad^  (t+r-1),t-r) 


(41a) 


Hara 
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8  ■  0((t  ♦  3)(t-r>p)),  ■  -  28~t«^r 


t-r-B  .  t-r»l 
t+r-p  t^r+l 


0(£=£11 

♦  3 


) 


t^r-3*»p  >  t-*’r“3»-1 


time*  by  (39g) 


with 


y  -  of  /*  — M  1 3) _ /umn^Eini 

t(«  ♦  2)(a-p»2)(p  ♦  2)  /  (t4T-2«-1)(2a-t4-r-p) 

-  o(-!«  lprii.*21  /JtTjn^EH  h) 

'‘r(a  ^  2)(a  ♦  4)  /  t4r-2a-1 


3a-t+r  .  ,  f 


2a-t+r-p 


=  /*— - ♦ 


/ 


/t-r-a+2  0  (1  ♦  8)/#  /2a*t'fr^2  0(1-  8)/? 


1)(t-r-a+2) 


/  Sa-t'fr+S  1  - 


Kara  by  (41a) 


ao  that 


2a-t^n-1  Sa-t^rM 

•  t-r-a*2  ’  •»  “  2a-t^r^3 


,  ,  8£  T.  < 

2  ♦  (t-t-a) 


«  4  ,  r 

a*1*r+1 


to  .  < 


2r 


2r  ♦  1  -  (t+t-1-2a)  2r  -i-  1 

**  ^  3;;^  *  *’ 


y  -  olS-iS^lhijLJa.  /  (t  ♦  3)(t-fM)~  f/  1  ,  /HI 

'(a  ♦  3)(a  ♦  4)  /  r(r  ♦  1)(t4'r-2a-1)  '/  t-r-a*2  /  2a-t 


t+ta2 


In  tha  apaeial  caaa  0  <  r  <  1  wa  hava  by  (41a) 

0  -'>4(t+r-1)i  a+3  >V^(ta2)i  t-r-a+2  >  (t'*'2)i  2a-t'«-r»’2  >  1 
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(41b) 


(41c) 

(41d) 


(t  ♦  2)/r(t'*^r-2s-1 


ud  thu« 


(t+t-1) 
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ofM  a> 

Mr  ♦  2)(t  ♦  2) 


) 


In  th«  r— lining  oiM  1  <  r  <  t-3  «>•  hivi 

.  0(W  ♦  2)  /  _,t  ♦  2  ~  (/■■_!_.  *  /■■  1  ■■  )) 

'  '^<r  ♦  2)<i  ♦  2)  /  (t-r+2)(t+r-2i-1  V  t-r-i+2  /  2i-t+r+2'''' 


Hin 


f®  1  /  1  . 

Vi(t-r-l)  •  ♦  *  '  (t*r-ai-1)(2i-t-*T+2>  “ 


Vi  <t+r-t)  , 


t+r-2i-1)(2i-t+r+1) 


J  (t+r^aMt-r+a)^  “  ®^/ (t  •*•  2)(t-r+2^ 


N«  WMd  1  alallir  Mtiait*  Cor 


/  / 
Vi  (t-r-1)  *  * 


( t+r-2i- 1 ) ( t-r-i+2 ) 


dS  -  6 


lot  at  first  1  <  r  <  t/2.  Than  »»'2  >V^(t-r'i-3)  >  (t'f2)/8,  and 


— /  / 


_ J - a.  -  0  (-!-  /  ^ 

(t>r-2a-1)(t-r-.^2)  «  "  ^t  ♦  2  ^  /STiTlT 


0,  b  - 

t-3r+5 

1  < 

r 

3r-t-1 

h  - 

t  +  1 
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“  t-3r+5 
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3 

4 

.  -  t-r*5 
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t  -f  5 

3r-t-5' 

**  3r-t-5 

3 

In  Moh  of  tlM  throa  nub-enaM 


o  -  o(i2ali^) 


aa  la  anally  varlflad.  If  Inataad  t/2  <  r  <  t-3  wa  hava 

0  -  t-ri  t+r-2a-1  >  t+r-ICt-r)-!  -  3r-t-1  >%(t'*’2) 

G  -  o(— 3-  T  - ^=)  -  of.  ^  Z**  -^2 - 

/t  ♦  2  Vi(t-r-l)  (a+2)/t-r-a+2  /(t-r«4)(t  ♦  2)  a  (1  -  Bj/f 


Hara  alao 


®  (t  ♦  2)(t-r+2)^ 


Alto^athar  than  for  1  <  r  <  t-3 


lA(tir.1)  ♦  2)(t.r^2)  J 


nila>  togathar  with  (41a)(  (40f),  (30b),  (37d),  (37c),  (32d)  co^plataa  tha  proof  of  (2Sf). 
Proof  of  tha  radiation  condltlona. 

Na  notlca  that  (25f)  lapllaa  (2S9)  whan  |x|  -  r  <  t.  Thua  In  tha  proof  of  (2S9)  « 
can  raatrlct  ouraalwaa  to  tha  caaa 

’/<lt  <  r  <  t+1  (45a) 

By  (26d)  and  tha  aaauaptlon  w  e  wa  aaa  that 


«(x,ta 


)  "  ^7'-  //  v(x  +  (t  -  a)C,a)d8. 

iei-1  ' 


balonga  to  In  x,t,a  for  0  <  a  <  t«  Bacauaa  of  (26a),  (26c) 


(4Sb) 


Sine* 


«•  Clad  fro*  (289),  (281)  that 


L.u  -  /  L.»(x,t>a)ds 
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t  .  t  B 

a  -  A 


li.u  -  4  .  /  *  ~  *  k(x,A,a,t)da  -  4.  /  da  /  k(x,p,B,t)dp 

^  ”  0  0  A  2r 


t  ■  -  _  o 

♦  /  ^  L  k(x,p,B,t)dp 

0  A 


(45d) 


Taka  flrat  tha  caaa  1  •  1<2,3.  By  (2Sh),  (4Sc),  (14a) 
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■“1  ■ 
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(? 
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(45f) 


It  Collowa  freai  (4Sd),  (45a)  that  for  1  •  1,2,3 
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0  A  r  (a  2)(p  4-  2) 


.  orBL  t  ?.). 

Mr  +  2)(t  ♦  2) 


) 


(459) 


(Hora  praclaaly  tha  p-lnta9ratlon  la  taken  over  that  portion  of  the  Interval  (A,B)  In 
which  p  >  -1). 
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H«  turn  to  tho  eaa*  1  •  4. 
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By  (3ac,h),  <25b) 

o(JLi2a!l<i_f_2i_) 

r(a«p+2)(p  2* 


lo<i*^<t  2) 


It  followa  that 


t  ®  .  _  n 
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o(- 
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Tha  contribution  to  L^u  of  tha  tarM  alth  la  again  of  ordar 
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(46b) 
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follows  froa  (45f),  (45a).  We  estimate  next 


,Q  >  Q  )j  -  .  (ja-t^r-fXt-r-p)  ^ 
^  ^  ^  2(a  -  pjr^  ^ 


(47b) 


We  find  from  (39b)  (which  applies  Just  as  well  to  J^^  as  to  j«),  and  (39c, d)  that 


^  (fi  +  fi  )J  -  of-ii  *  2)  /(t-r-p)(2s-t-t-r-p) 

r  «r  «t  ^  2)(p  +  2)  ^  (t+r-p) (t+r-2s+p) 


Haro 
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If  also  s  <'',^(t+r-1)  we  have  t*r-2+p  >  t+r-2s-1,  a  <  -1,  and 
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Mr  +  2)(t  +  2)  * 


If  Instead  ^/ij(t+r-1)  <  s  <  t  we  have  s+2  >V2(t  +  3),  A  >  -1  and 


r"  ‘fir  *  fit»lq  -  °(-2'  ^  /Wh 

^  icq  ^  .iw.  * 


r*(t  +  2)(p  +  2) 

si-t  <»,  •  SI),*  -  .(■!  ^1  ;■ - as - 1 

A  ^  r  /t  +  2  A  (p  +  2)/p  -  A 

-  0(- H  109’^(t  >  2)  ^ 

r*/(t  +  2)(A  *  2) 

/'  ds  /"  (B^  *  Q  )J  dp  . 

V2(t+r-1)  A  '  ‘ 


of”  (t  *  2)  ) 
Mr  +  2)(t  +  2)^ 


This  completes  the  proof  of  the  radiation  conditions  (25g)  and  of  the  MAIN  LEMMA. 
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